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Physical quantity  Name of ‘ndex Fotmnuls. Reglon Value af indot
specifie heat % T =4, =060 d
gpecifle heat 'y 0= -2 h=0,s<0 O {discantinuley)
suecaptibility f w==Lhhe p=0¢e=0 i
susceptibility o' x @ Cgl=e] T h=0¢<0 1
magnatization 3 i) = £B{—)® h=0e=10 1/2
magnatization ¥ [} - RHE ¢=0 3
corcclation length I Erwe™ A=te > 1/3
sozrolation length v £ (—g)=¥ h=0,e<( 1,2
corralntiog function 5 R ~ [R]-E-0-%  h—0e=0 o

Talle 11.1. Lefnitions and mesn field theory values of eritinal indiees, The word 'discontinuity’
indicetes that iv meean figld theory the specific heat has a discontinuity st T =T..

11.3 Critical Indices

A wide variety of systems can be described by mesn field theories. All these theories are
diffierent; in thet they have d:fferent physical quanrities playing the roles we have ghven to
the magnetlc fleld, or T — T, or sstving a5 the order peramcters. Tfsually there is some
oparetor which undergoss a dlscontinuous Jump, or labels the differcot states which arise
at the same physieal conditiona. The average of thie operator i called the order parameter,
Then there are fieldz which aearva to hreak s symmetry (as A doe In our exampls) or to move
whe awny from cotieallty io coupling strength (os docs our T — 75 or €). These different
problems do skare meny commen fatures, For exsmiple many diferent mwan feld theories
have the very same dependence of the order paremeter on the appropriate felds, cxcepr for
some multip icutive constants. To have results which we can compare with experiments ard
other theories, we gould like to axtract from the mean field theoty some numbaers which de
not depend upon these mukiplicative constants, We seek to galn the furbher advantage that
the oumbers which we phall uze to characterize the theory will oot change as one changes
dimenslonal quentitles {liks temmpereture}. We achieve this poal by neticing that typically
physica quantities behave as powers of one Another near the eritical poing, We have alreacy
taglized thia powar Iow bahavict when we weote talking sbout scaling laws =nd =aid that A
behaved aa {r)* and € behaved s 4o)?. The powers in expresaions like this are called crifical
indices,

To represent the result we have developed so far is to make a list of the so-called critical
mdices wrhich describe this mean ficld behavior, This listng i3 done in Table 11,1, Ope
index in guestion describes the behavior of the magnetization as 73 — I poes to 1ero om
above, The result is that che magnetization iz propertional to the squere root of ¥, — T.
Moze genarally, otie mizht imagine thal ib & class of models of this brpe the magnetization
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Flyalcal Name of Mean Held Incex velue Index valne

quantity indax theary d=3 d=3
epecifiz heat o 0 {dsoaotinnity) 0104 £ 0.003 0 (log eingularity;
pusceptibllity ¥ L 1.1385 £+ 0.0015 T4
mueceptibility ! I 1.13 774
mAETetizetion I 1/2 0325 178
magnetizadion § o 240105 1B
correlation length i 1/2 0,632 £ 0.001 = (.25 1
correlztion functions 1 ¢ 0038 £ 0.004 178

Tahle 11.2. Data for critical indices. Some of the data were teken om C. Domb, The Critleal Polnt:
. 354 Onthet viloes come from Kadanoff ef of., op, cit.

There ame three sources of deta ie the Tables 11,2 Most of the two-dimensional me-
sults are chbained from Onsaser’s exact solution of the twe-dimensionsl Ising maodsl.'® The
implications of this exact solutlon were worked up by otker peopls Insluding Yang!! and my-
seli, 'Y Experlment provides cn exenllant aourea of eritical indax date jor three-dirsensionsl
problems. Latar dayelopanents, based upon universality copcepts, would show that one
could equally well wes datz from ferromammetic transiticos, Lguic-gas ph&sﬂ transitions,
and transitions within ceitice]l mbgures (Le. ones in which diferent fluids began to sepe-
rate f[rom one ancthet), as infermation abeut the vary same type of phase transition, If
we usa this idea we can inclode all of these: experimental aystems in constructine a table
like {11.2). {To make the snalysis we mist identify the order parameters in each of tha
expedmertal teonsltions. For the Hguid-geas pheae teonsitlon, the order parameter is the
demsity. For the fluid mixing transition, the order parameter is bhe conceniretion of one ol
the constituanty.]

The final scurce of data lor this table comes from the analysis of power series for thermoe-
dymamiz quantitizs. Bocksld hawe baen written about tha generetion and anelysis of powar
sexied. Here [ can just give the basic idea. Clonsider & guantity like the sasceptibility in the
(aay] thras-cimensional Ising medel. Tmagine that wa can conskruct the Arst 20 ecaficlents
of an expension of logarithon of this susceptibility in a power peries in the coupling K, the
reries balng of tha form

Iny = i AnK™ . (11.44)

n=l}

BL, Onsapet™ solotion |k deseribed, for edample, in lndex K. Husng, Stetistice! Meckanics {Wiley [ L8671
recend editlon Chapter 16 and also 11 G, Bayleon snd J.-W Droaffe, Statitied Feld Theory, Volume I,
Sec, 2.2 (Cambridge Univaralty Prass, Cambridgs 1908,

“0 N Yang, Fhys, Rev. B5, B08 (19520,

ULPE B33AYS: Leo Kedmelf, Muoto Cimentoe 443, 208 (1088),

WIMAL: Velume 2 ia davoted to metheds of sarles expanaion,



